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At the Fifth International Conference on Nonlinear Oscillations (Kiev, 1970), 
Coleman [l] raised the question of whether or not a flow with a topologically 
hyperbolic stationary point is necessarily locally conjugate with some flow near a 
differentiably hyperbolic (generic) stationary point. We shall prove an affirmative 
result in the case where either the stable manifold or the unstable manifold has 
dimension one and we shall prove the equivalence of a uniform continuity 
condition in the general case. These affirmative results are contrasted with the 
recent counterexample by Neumann [2], which has both the stable manifold 
and the unstable manifold with dimension 2. 
Using Hartman’s theorem [3], it is easy to show that every differentiably 
hyperbolic stationary point on [w N is locally conjugate to the flow F~;,,~-,~ of the 
Standard Example, where 
J;: z -,q x E 5P, 
P)k,N-k 
9 =y, y E RN-'i, 
for some integer K = 0, l,..., N (cf. [4]). Th us it is only necessary to consider 
the question of whether or not a topologically hyperbolic example is necessarily 
conjugate to some Standard Example. For this, we find it convenient to state 
Coleman’s conjecture in terms of the isolating block notation. (See Section 1.) 
Recall that if B is an isolating block, then the boundary aB = b of B is 
represented as the union of the ingress set b, and the egress set bP , and that the 
tangency set 7 = b, n b- . This last requirement implies that each trajectory, 
which is tangent to cYB, bounces off of B from the outside. Under this structure, 
the maximal invariant set S in B is contained in the interior of B and is therefore 
closed. If A, (A-) represents the set of points, whose positive (negative, respec- 
tively) semitrajectories remain in B for all time, then S = A+ n A- . We 
define a, = b, n A+ and CI- = b_ n A- . 
Coleman’s conjecture [I, 41). Let v be a differentiable flow on [w’” x [w”, 
which satisfies 
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1. B = D” x Dn is an isolating block for q~ and (0) is the isolated invariant 
set in B (D” denotes the closed unit ball in Rm). 
2. The isolating block structure for B is 
b + = i3DrJL x Dn, 
b_ = D” x aDn, 
7 = 8D1” x i3Dn, 
A + = D”’ x 0, a+ = aDnL x 0 , 
A- = 0 x D”, a- = 0 x aDn, 
S = A+ n A_ = (0 = (0, 0)). 
Then F is locally conjugate to the flow F,,,,~ generated by the standard example 
. . y,,,; i.e., there is a homeomorphism h: B -+ B, which carries the trajectory 
segments of y in B onto the trajectory segments of ?m,n in B. 
In the first section of this paper we shall state several additional properties and 
results about the isolating block structure on B, and some additional properties 
of the standard examples are described. In the second and third sections we give 
precise statements of the theorems which we shall prove, and examine the role 
of the extendability of homeomorphisms for this question. The remainder of the 
paper consists of the technical details which substantiate our claims. 
1. ISOLATING BLOCKS, ETC. 
The notions of an isolating block and of an isolated invariant set were intro- 
duced in [4]. Further properties associated with these structures are described in 
[5, 61. The reader who desires general knowledge about isolating blocks should 
consult these sources. In this section, we shall describe those results, which are 
specifically applicable to the description and study of Coleman’s conjecture, and 
the isolating block structure, which we have specified for B = Dm x D”. Note 
in particular that the standard example vm,n satisfies these requirements. 
A consequence of the definitions is the fact that each trajectory, which 
originates at a point of B - (A+ u A-), must leave B in finite positive and 
negative time. Therefore, there is defined a Poincare mapping 
@: b, - a+ --f b- - a- 
and a great deal of information about the structure of p 1 B is carried by its 
PoincarC mapping. In the present case, 
b, - a, = aDnL x (Dn - 0) = P-l x F-l x (0, I] 
b- - a- = (D”” - 0) x 8Dn = 2P-l X (0, I] X Snpl 
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and the Poincare mapping of the standard example vm,n is easily seen to be 
or essentially, an identity mapping (indeed, it is the identity mapping if it is 
expressed in the coordinate system of [2, Sect. 21). 
Note that b, - a, has a product foliation ,F+ = (T,‘}, where T+~ = Sfn-l x 
S-1 x {P>, that b- - a- has a product foliation 97 = (T-“‘1, where T_~ = 
Sm-1 x {r} x S-1, for 0 < Y < 1, and DrnJ7+r) = 7-r. In general, it is the 
case that for any differentiable flow v and foliation F+ of b, - a, , the Poincare 
mapping @: b, - a, --f 6_ - a- of q induces a foliation .F of b- - a- . 
In [5], it is shown that every isolating block has associated a monotone Lyupunov 
function, i.e., a function V: B + R which satisfies 
1. V(S) =o. 
2. V(X) > 0 for all x G B - S. 
3. V 1 (B, - S) is a differentiable function. 
4. Each trajectory segment in B - (A, U A-) intersects V-l(O). 
In [6; Theorem 3.31, it is shown that if F+ , Z. are specified differentiable 
product foliations of 6, - a, , respectively, such that D(%+) = 55 , then there 
is a monotone Lyapunov function V: B - [- I, 1] with the property that 
g+ = (6, n V-l(c) 1 - 1 < c < 0}, 
T = b n V-l(O), 
Note that for the standard example p?nL,71 and the natural product foliations, 
is an example of such a monotone Lyapunov function. 
2. THE MAIN RESULTS 
Assume that cp is a differentiable flow, which satisfies the hypotheses of 
Coleman’s conjecture and let 0: b, - a, - b- - a.. denote the Poincare 
mapping associated with p. If h: B -B is any homeomorphism, which is a 
possible conjugacy with qrn,= , then it is necessary that 
h, ==hIb+:b+~b+, 
h+O = h, 1 (b, - a,): 6, - a, --+ h, - a,, 
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and 
h- = h / be: b- -+ b- , 
h-o=h-](bb-u-):6--a--tb--a-, 
h-0 o @ = Dm,, 0 h+O. 
If we view b, - a+ = sm-r x Sn-1 x (0, 11 = b- - a- , then cD~,~ is the 
identity and the condition becomes 
@ = (h-y 0 h,“. 
THEOREM 2.1. Let q~ denote a difj%rentiable flow on Rm+la, which satisfies the 
hypotheses of Coleman’s conjecture. A necessary and su.cient condition for F to be 
conjugate to a standard example is that the Poincare mapping @: b, - a+ -+ b- - a- 
be representable as @ = h, 0 h, , where for i = 1, 2 
hi: S-1 x F-1 x (0, I] + P-1 x 9-r x (0, 11 
are homeomorphisms uch that h, and hll are uniformly continuous in&he D” x Snbl 
metric, and h, and h;’ are unaformly continuous in the S”-l x D” metric for 
P-1 x 3-l x (0, I]. 
COROLLARY 2.2. If y is a flow on lR* x R” which satisfies the hypotheses of 
Coleman’s Conjecture with m = 1 or with n = 1, then p) is locally conjugate to a 
standard example. 
3. NECESSITY PROOF OF THEOREM 2.1 AND PROOF OF COROLLARY 2.2. 
We shall first prove that the condition in the theorem is necessary and this 
will provide the viewpoint from which the corollary obviously follows from the 
theorem. Using the ideas from above, and the coordinates on b, - a+ and 
b- - a- in which @m,n is the identity, we have seen that if there is a local 
conjugacy h: B + 3, then @ = (heo)-l c h, 0. We shall examine this expression 
using the following two well-known results. 
LEMMA 3.3 (cf. [7; Theorems 4.6, 5.41). Let X, Y be compact metric spaces, 
and let A be a dense subset of X. A necessary and su$icient condition for j”: A + Y 
to have a continuous extension f: X + Y is that f0 be uniformly continuous. 
Wheneceu an extension exists, it is unique. 
COROLLARY 3.4. Let X, Y be compact metric spaces and let A C X, B C Y 
be dense subsets. A necessary and su$icient condition for a homeomorphism ho: A + B 
to have an extension to a homeomorphism h: X -+ Y is that ho and (ho)-1 be uniformly 
continuous. 
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Proof. Since h, , _ O h 0 and their inverses are known to have extensions to 
homeomorphisms for h, and h-, it follows that h+O and h-O must be uniformly 
continuous on b, - a, and 6- - a-, respectively. Hence, the condition of 
Theorem 2.1 is necessary. 
To prove Corollary 2.2, we need the following elementary lemma. 
LEMMA 3.5. Let h be a homeomorphism of D’” - 0 onto D”” - 0. Then h and 
h-l are uniformly continuous in the Dn’ metric. 
Proof. Define t?: Dn’ ---f Dnl by h”(x) = h(x) for x E LP - 0 and A(O) = 0. 
N-ow h” is one to one and onto. Since D” is compact, h is open if it is continuous, 
and continuity follows by the Invariance of Domain Theorem [S, p. 1201. By 
Lemma 3.3, if h and h-1 have continuous extensions, then h and h-l are uni- 
formly continuous. 
Proof of Corollary 2.2. Suppose n = 1. Let h,: b, + 6, be any homeomor- 
phism which satisfies h+(a+) = a+ . Let h-O = h+O 0 Q-1: b- - a... + b- - a- . 
Since n = 1, &hen b- = D”” x aDn = D”” x {- 1, l}, and h-O: (D”’ - 0) x 
(- 1, l} --f (Dn’ - 0) x {- 1, l} is a homeomorphism. By Lemma 3.5, h-O and 
(h-O-1 are uniformly continuous. Since h, is a homeomorphism, by Corollary 3.4 
h+O and (h+O)-.r are uniformly continuous. Therefore, Theorem 2.1 applies to 
@ = (kO)-l 0 h+O, and Corollary 2.2 is proved. 
4. SUFFICIENCY: A SPECIAL CASE 
We shall first prove the sufficiency of the condition of Theorem 2.1, under the 
additional hypothesis that 12,: S”p’ x S”pr x (0, 11 * 9-r x S+-l x (0, l] is 
a diffeomorphism. Let yrn,% , @nE,n and V7,b,1z be associated with the standard 
example as before, and let 8, , B- denote the canonical product foliations of 
b, - a+ and b- - a-, i.e., the intersections of the levels of V,,, with 6, + a+ 
and b_ - a-, respectively. We shall build the local conjugacy h: B 4 B for 
F and pm,n by taking 
h,O = h 1 (b, - a+) = h2 , 
17-O = h 1 (b- ~ a-) = h;‘, 
and by producing an extension to the rest of B, which preserves the values of 
certain monotone Lyapunov functions. 
Let F+ denote the product foliation of 6, - a+ , which is induced by d+ and 
h, , and let E denote the product foliation of b- - a_ , which is induced by 
E and h;l = @m,n 0 h, o Q-1. By the discussion in Section I, we can find a C’ 
monotone Lyapunov function 17: B - [- 1, l] for v whose level surfaces 
intersect b c - a, in F+ and b_ - a.. in .E . 
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LEMMA 4.1. There exists a dzxerentiable monotone Lyapunov function V with 
the same level surfaces as P and whose values correspond to the values of PT,,, , j 8B 
under the homeomorphisms h, and h, , i.e., such that 
V m,n 0 h,(x) = V(x), 
V m.n o h;‘(x) = V(x). 
Proof. Let y: [-1, 0] + b, be any smooth curve, which is transerse to the 
leaves of 9*. , with y( - 1) E a+ and y(O) E ~.Then&=V~y:[-l,O]+[-l,O] 
is a differentiable function, which has a positive derivative at each point. 
Similarly, 
g* = v ?!f , noh,oY:[-l,O]+[-l,O] 
has a positive derivative at each point. Let g- = g, 0 g-r: [- 1, 0] 4 [- 1, 01, 
and let g-: [0, l] - [0, l] be similarly defined. Then 2 = g, u g-: [- 1, l] + 
[- 1, I] is a differentiable function with the property that V = g” 0 P satisfies the 
requirements of this lemma. 
Proof of Theorem 2.1 (assuming the auxiliary hypothesis). By hypothesis and 
using Corollary 3.4, there is a homeomorphism h-: 6, --f 6, , which extends h, , 
and a homeomorphism h. : b_. 4 b.. , which extends h;‘. We shall define the 
local conjugacy h: B ---f B by using the structure of the trajectory segments and 
the level surfaces of the monotone Lyapunov functions and by setting h(0) = 0. 
LEMMA. Let D = {(c, x) E [-I, I] x b, 1 fey some t > 0, I/ 0 y~(.v, t) = c}. 
Then there is a C’function t: D + [0, CXJ) such that V 0 p)[x, t(c, x)] = c. 
Proof. Since v and V are Cr functions, and since V has positive values at 
points of B - {0}, this lemma follows by a direct application of the Implicit 
Function Theorem. 
EXAMPLE. For the standard example P,,,,?~ and the canonical Lpapunov 
function V,,,,, , the time function is given by 
pqc, .&“, y) = ; ln [ c + (c22;;,;JY w2 ] 
since v?,,,.(t; x, y) z: (xe-t, yef) and V 0 p)(t; x, y) = c can be solved explicitly by 
the quadratic formula (recall that for (x, y) E b, , i~ x li = 1). 
Define u+: B - A_ ---f (- co, 0] to be the time distance from a point to by+ 
along its trajectory. Then 
V(x), F(U+(X), x)1 = -u+(x) 
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and so o+ is also a Cr function. We define the extension h: B - A- --f B - A- 
of h., by 
where 
g(4 = h+ 0 v(u+(x), 4. 
(Observe that this merely asserts that h carries levels of V to levels of I’,*, .) 
In particular, 
h j(b- - a-) = a,,, 0 h+ o Q-l = h- / (b- - a-) = h;l, 
and so we have h consistently defined on the boundary. By a similar construction, 
we can extend h- to B - A+ , and since both extensions carry the level surfaces 
of I’ onto the corresponding level surfaces of I’,,, , it follows that the two 
definitions of h are identical on B - (A+ u A-). Using these definitions together 
and recalling that we have defined h(0) = 0, we have the full mapping h: B + B 
defined. It is clear that h is one to one, onto, and continuous on B - A+ and 
B - A_ Using the Invariance of Domain Theorem as in Corollary 3.4, we find 
that h is continuous at 0. Since B is compact, h is an open mapping, and so h is a 
homeomorphism. By the nature of the construction, h carries trajectory segments 
to trajectory segments, and so h is the desired local conjugacy. 
5. SUFFICIENCY: THE GENERAL CASE 
The advantage afforded by the smoothness assumption in the previous section 
is that &‘(9+) is a differentiable foliation of b, - a, . Without this supple- 
mental hypothesis, we iose the benefits of the machinery from [6] and the 
construction is more complicated, although it follows along the same general 
lines. Both in [6] and in Section 4, differentiability is used primarily to satisfy 
the hypothesis of the Implicit Function Theorem; so that the time mappings 
(a+ , t, etc ) can be shown to be continuous (differentiable) But if we are willing 
to settle for a monotone Lyapunov function V, which is only continuous, and 
for time mappings, which are only continuous, then we can proceed as before 
to obtain a continuous conjugacy, which is all that we can expect in any event. 
Precisely, it is necessary to show that 
1. The level surfaces of a continuous monotone Lyapunov function 
V: B + [- 1, I] provide a topological foliation of B - {O}. 
2. The time functions are continuous. 
3. It is possible to alter a given monotone Lyapunov function to construct 
a new monotone Lyapunov function whose level surfaces intersect b+ - a- 
and b. - a- in specified topological product foliations. 
A UNIFORM CONTINUITY CONDITION 19 
Statements 1 and 2 can be verified by using the Transverse Monotonicity 
Implicit Function Theorem of [9, Sect. 1 (II)]. Knowing these results, we can 
verify Statement 3 by repeating the proof for the differentiable version [6: 
Theorem 3.31, using the Transverse Monotonicity Implicit Function Theorem 
and Statement 1 from above. Thus the same style of proof of the sufficiency of 
the condition can be used without making the supplemental hypothesis about 
differentiability. 
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